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We introduce a wavefront shaping protocol for focusing inside disordered media based on a gener-
alization of the established Wigner-Smith time-delay operator. The key ingredient for our approach
is the scattering (or transmission) matrix of the medium and its derivative with respect to the posi-
tion of the target one aims to focus on. A specific experimental realization in the microwave regime
is presented showing that the eigenstates of a corresponding operator are sorted by their focus-
ing strength – ranging from strongly focusing on the designated target to completely bypassing it.
Our protocol works without optimization or phase-conjugation and we expect it to be particularly
attractive for optical imaging in disordered media.
One of the most formidable challenges for imaging in
complex environments is to overcome the limitations im-
posed by the presence of disorder. In particular, if the
wave scattering induced by a disordered medium is strong
enough to suppress the ballistic contribution in the imag-
ing process entirely, seeing through this medium or focus-
ing on a target inside of it becomes a highly non-trivial
exercise – a difficulty that is particularly evident in the
field of biological and medical imaging. A promising new
approach to image and focus also in the regime of mul-
tiple scattering is to exploit the information stored in a
system’s scattering matrix [1, 2]. In this emerging new
field of “wavefront shaping” [3, 4] spectacular advances
have recently been made, such as to focus light behind an
opaque layer [5–9], or to send and retrieve images across
it [10–14]. Thanks to these advances also the focusing
of light inside highly disordered media could recently
be demonstrated using embedded fluorescent probes and
nano-crystals [15–17] or using digital optical phase con-
jugation to focus light onto a target moving inside an
otherwise static environment [18–21].
Here we present a new approach for focusing inside a
disordered material that has the considerable advantage
of working without the requirement to implant a fluo-
rescent body at the focus or to phase-conjugate a wave
scattered at the focus position. Our technique also allows
us to tune the degree of focus on a designated position
inside the disorder, including the case where the target is
entirely avoided by the scattered wavefront. Our start-
ing point for achieving this goal is the time-delay oper-
ator Q introduced by Eugene Wigner and Felix Smith
[22, 23]. Originally devised for nuclear scattering prob-
lems to deduce the time associated with a scattering
event from stationary measurements of the asymptotic
scattering amplitudes, this concept prominently resur-
faced in mesoscopic physics [24] and very recently in at-
tosecond physics [25] as well as in the newly emerging
community of wavefront shaping [4, 26–30].
The Wigner-Smith time-delay operator Q is con-
structed based on a system’s scattering matrix S by way
of a frequency derivative, Q = −iS−1dS/dω. The eigen-
values of Q, also called “proper delay times”, measure the
time-delay associated with the scattering by a given po-
tential [4, 31–33]. The corresponding eigenvectors, also
called “principal modes”, are states that can be associ-
ated with this well-defined time-delay – a property that
makes them dispersion-free [26] in the sense that a small
variation of their input frequency does not change their
spatial output profile. Moreover, principal modes have
been shown to be “particle-like” in situations where bal-
listic scattering occurs [27]. The potential for applica-
tions of these states as efficient communication channels
in systems with multiple in- and output ports has re-
cently taken center stage when first experiments reported
on the successful implementation of principal modes in
optical multi-mode fibers [28, 29] as well as in resonant
scattering media [30, 34].
Here we demonstrate that the concept underlying the
principal modes is not at all restricted to the time-delay
operator Q from above; specifically, we show that in the
same way as the conventional principal modes are in-
variant with respect to a frequency variation, we may
also create wave states that are invariant with respect to
changes in the system configuration, like a local shift of a
designated scatterer inside a disordered medium. While
the frequency-insensitive principal modes are the eigen-
states of the time-delay operator Q = −iS−1dS/dω (in-
volving a frequency derivative), the class of states we
introduce will be the eigenstates of a corresponding oper-
ator Qα = −iS−1dS/dα, where the parameter α stands,
e.g., for the position of a movable scatterer. What is
special about our new approach is that the eigenstates of
Qα are not only insensitive to a small change of α, but
that the associated eigenvalues indicate how strongly the
corresponding conjugate quantity to α is affected by the
scattering process. This insight allows us to maximally
focus on or maximally avoid a specific target inside mul-
tiply scattering media just based on the medium’s scat-
tering matrix S and its variation due to a shift of the
target particle that one aims to focus on.
We start by reviewing the principal modes’ remarkable
property of being insensitive with respect to a change
in frequency of the incident wave. The corresponding
eigenvalue equation for the principal modes ~un (given as
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2a coefficient vector in a certain basis) and for the proper
delay times θn reads as follows,
Q~un = −iS−1 dS
dω
~un = θn ~un , (1)
with ω being the frequency. In a waveguide system, as
shown in Fig. 1, the incident principal modes can be de-
composed into waves injected from the left and right lead
respectively, i.e., ~un = (~un,L, ~un,R)
T . For a unitary scat-
tering matrix, S†S = 1, the time-delay operatorQ is Her-
mitian with real eigenvalues θn. Using the input-output
relation ~vn(ω) = S(ω)~un, we can rewrite Eq. (1) for a
(static) time-delay eigenstate ~un evaluated at a chosen
frequency ω0
d~vn
dω
∣∣∣∣
ω0
= iθn~vn(ω0)→ ~vn(ω0+∆ω)≈eiθn∆ω ~vn(ω0). (2)
The expression on the right-hand side of Eq. (2)
states that the output vector of a principal mode,
~vn = (~vn,L, ~vn,R)
T , retains its original orientation when
shifting the input frequency in the vicinity of ω0. This,
in turn, translates into output patterns that are invari-
ant (to first order) with respect to a frequency change
(apart from a complex global factor). An aspect of the
above derivation that has so far been unexploited is the
fact that the derivative in Eq. (1) does not necessar-
ily have to be taken with respect to the frequency. In
other words: the symbol ω can in principle represent
any other parametric dependence of the scattering matrix
and the stability property of the corresponding principal
modes will still hold with respect to a variation of this
new parameter. Accordingly, we shift our attention to a
whole class of generalized Wigner-Smith (GWS) opera-
tors Qα = −iS−1dS/dα in which the frequency ω is re-
placed by the arbitrary parameter α. We also expect that
these GWS operators may have interesting connections
to earlier works where statistical properties of paramet-
ric variations of the scattering matrix have been studied
[35–37].
While the eigenstates of Qα are invariant with respect
to a small parametric shift of α already by construction
[as in Eq. (2) with ω → α], we still need to clarify how to
interpret the corresponding eigenvalues θαn . Already from
the dimensions it is clear that θαn must be associated with
the conjugate variable to α, in the same way as the delay
time θ is the conjugate quantity to the frequency ω. To
make this more evident we now define Cα := −id/dα as
the corresponding conjugate operator and assume that
the parameter α is global. It follows after a short deriva-
tion (see supplemental material [38]),
~u†Qα~u = ~u †Cα~u− ~v†Cα~v = 〈Cα〉in − 〈Cα〉out , (3)
where ~v(α) = S(α)~u is the output vector and 〈 . . . 〉in/out
denotes the expectation value evaluated in the in-
put/output scattering state. Following Eq. (3), Qα is the
FIG. 1. (Color online.) Sketch of the experimental setup.
The system consists of a rectangular aluminum waveguide
of height H = 8 mm, width W = 10 cm, and total length
L = 2.38 m, see middle panel. The top plate (not shown) can
be removed. The wavefront is injected from the left using ten
monopole antennas, see bottom panel. The scattering region
displayed in the top panel has a length Ls = 60 cm and con-
sists of 18 randomly placed cylindrical Teflon scatterers (black
cylinders, index of refraction n = 1.44, radius 2.55 mm). A
(re-)movable brass scatterer of radius 8.825 mm is located in
the central part of the scattering region. The placement of
scatterers in this sketch matches the actual scatterer posi-
tions in the experiment. The distance between the injecting
antenna array and the scanning antenna is La = 1.50 m. The
grained area around the movable scatterer indicates the region
shown in Fig. 2 and 3.
appropriate operator to measure the shift in the conju-
gate variable to α, which the wave experiences due to the
scattering process – in perfect analogy to the time-delay
operator measuring a shift in time, i.e., in the conjugate
quantity of the frequency ω. One specific example for
such a global parameter α could be the displacement in
y-direction (i.e., α = y) of the entire scattering landscape
from its initial position. The conjugate variable to the
position is the momentum. The eigenvalues θyn of the
operator Qy then measure the momentum shift (in y-
direction) that the corresponding eigenstates experience
as a result of scattering at the entire potential landscape.
Solving the eigenvalue problem for the operator Qy thus
provides us with an orthogonal and complete basis of
eigenstates that are sorted by this momentum shift. To
be more precise, the operator Qy generally measures the
shift in the wavenumber in displacement direction, but
for the sake of simplicity we refer to this shift as momen-
tum shift ∆k.
In the present context, we will be specifically inter-
ested in the case where α is the position yi of the i-th
scattering element inside a strongly disordered medium
consisting of altogether itot ≥ i such individual elements
(see, Fig. 1). In this case, α does not represent a global
variable since only the i-th scatterer is shifted rather than
the whole system. It turns out that Eq. (3) still remains
valid for this more general case, but that the correspond-
ing expectation values are then evaluated based on the
local field amplitudes in the vicinity of the i-th scatterer
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FIG. 2. (Color online.) Measured spatial distribution of the
microwave intensity (see supplemental material [38]) inside
the disordered scattering system realized in the experiment.
The region shown is a zoom on the vicinity of the movable
brass scatterer in the middle (as highlighted in the top panel
of Fig. 1). In the top row this brass scatterer is included and
in the bottom row it is removed. In both cases we display the
eigenstates of qyb with the largest eigenvalues |ϑybn | = 96.9,
81.6, and 66.9 [a.u.] from left to right. We can clearly ob-
serve that the intensity distribution is enhanced in the region
around the brass scatterer (top row), such that removing the
scatterer changes the intensity pattern strongly (bottom row).
(see derivation in [38]). The eigenvalues θyin of Qyi are
thus equal to the momentum shift ∆ki that the wave ex-
periences locally when colliding with the i-th scatterer (in
the presence of all other scatterers and boundaries of the
medium). Note that a large momentum shift requires
that the wavefront of the incident eigenstate is back-
scattered significantly at the target position xi, which
is equivalent to focusing on the i-th scatterer. On the
other hand, when the wave does not get scattered at the
target at all (e.g., by not reaching the i-th scatterer),
the momentum transfer will, correspondingly, be very
small. In this way the GWS operator Qyi provides us
the means to focus on a designated scatterer inside a dis-
ordered medium or to omit this target simply by gener-
ating an eigenvector of the GWS operator corresponding
to a large or small eigenvalue, respectively.
To demonstrate the efficiency of this approach also in
the experiment, we implemented a microwave scattering
setup as displayed in Fig. 1, consisting of a rectangular
multi-mode waveguide made of aluminum with dimen-
sions L × W × H = 2.38 m × 10 cm × 8 mm (see
caption in Fig. 1). Additional absorbers (types: LS-
14 and LS-16 from EMERSON&CUMING) at the ends
of the waveguide mimic semi-infinite leads. Ten anten-
nas are placed equidistantly in the incident part of the
waveguide controlling ten transmission channels individ-
ually. The antennas are addressed by IQ-modulators
(GTM 1 M2L-68A-5 of GT Microwave Inc.), which al-
low us to adjust phase and amplitude of the signal emit-
ted by each antenna. The shaping of the incident wave
is explained in more detail in [39]. This array of emit-
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FIG. 3. (Color online.) Same as Fig. 2, but for the eigen-
states of qxb with the smallest eigenvalues |ϑybn | = 1.9, 2.1,
and 6.0 [a.u.] from left to right. The measured intensity pat-
tern clearly avoids the brass scatterer in the middle (top row),
such that removing the scatterer leaves the intensity pattern
almost unchanged (bottom row).
ting antennas is connected via a power splitter (Mic-
root MPD16-060180) to a 4 port vector network analyzer
(VNA, Agilent E5071C). The transmission through the
scattering system is measured with a single movable an-
tenna placed at the output side of the waveguide. In
the middle we place 18 cylindrical Teflon scatterers of
radius r = 2.55 mm and one brass scatterer of radius
rb = 8.825 mm forming the disordered scattering sys-
tem. The relatively high refractive index of the Teflon
elements (n = 1.44) lets all waves undergo multiple scat-
tering events before being transmitted. We operate the
waveguide at 15.5 GHz, at which frequency ten propa-
gating transverse electric modes TE0i (i = 1, . . . , 10) are
supported. In the following, the parameter α corresponds
to the position yb of the central brass scatterer and the
operator Qyb can be computed from the shift ±∆yb from
its initial position, which we choose in the experiment to
be of the same size as the in-plane radius of the brass
scatterer.
As in most experiments [1, 2], we also only have access
to a subpart of the entire scattering matrix. Specifically,
we can measure only the 10 × 10 transmission matrix
t, where the complex matrix elements tji stand for the
transmission of the i-th antenna of the input antenna
array to the j-th position of the movable antenna at
the output. Even for flux-conserving scattering (with-
out gain or loss), the t-matrix is generally non-unitary,
since the reflected part of the incident wave is not con-
tained in t. The derivation of Eq. (2) can, however, be
easily adapted by replacing S with t and ω with yb in
Eq. (1) (see also [40]). Most importantly, the resulting
non-Hermitian GWS operator,
qyb := −it−1
dt
dyb
, (4)
inherits the property from its Hermitian counterpart Qyb
that its eigenstates are invariant with respect to a small
4change in the parameter yb. In contrast to eigenstates
of Qyb , the eigenstates of qyb feature injection only from
one lead, i.e., ~un → ~un,L. The transmitted state, i.e.,
the outgoing state to the right, can be calculated via
~vR = t~uL. Specifically, when adapting Eq. (2) to feature
the complex eigenvalues ϑybn = β
yb
n + iκ
yb
n of qxb , we have
for the corresponding transmitted states
~vn,R(yb + ∆yb) ≈ e(iβ
yb
n −κybn )∆yb ~vn,R(yb) . (5)
Since the construction of the operator qyb involves only
the transmission matrix (the reflected part is omitted),
its complex eigenvalues ϑybn do no longer correspond di-
rectly to the local momentum shift ∆kb at the brass
scatterer (see details in the supplemental material [38]).
We do find, however, that a strong correlation between
these two quantities persists (see Fig. S3 in [38]), basi-
cally since the trace left in the transmission matrix by
moving the target scatterer is in itself already quite in-
dicative of the focus on this target. Since this trace in
the transmitted signal appears both in the phase and
amplitude of a qxb -eigenstate as measured, respectively,
by the real (βybn ) and imaginary (κ
yb
n ) parts of ϑ
yb
n , we
work with the absolute value of ϑybn to quantify this trace.
A more detailed analysis [38] shows that the correlation
between |ϑybn | and |∆kb| can be further increased by nor-
malizing the latter term with the transmission (i.e., by
working with |∆kb|/|t2|). We can thus apply the concept
we derived for the Hermitian GWS operator Qyb also to
its non-Hermitian counterpart qyb with the essential dif-
ference being that the eigenvalues are now complex and
sorted by their absolute value.
Following this protocol also in the experiment, we first
measure the transmission amplitudes tji for two slightly
different positions of the brass scatterer (±∆yb). We
then determine the GWS operator qyb by replacing the
derivative in Eq. (4) with a finite-difference approxima-
tion based on the difference between the two prior trans-
mission matrix measurements. In a next step we evaluate
the eigenstates of qyb and inject them directly through
the antenna array at the input port. To test if our focus-
ing protocol works successfully, we then measure the in-
tensity distribution of the microwave field in the vicinity
of the brass scatterer by an additional scanning antenna.
This antenna is attached to a movable arm and enters
through a grid of holes (5 mm × 5 mm) in the top plate
of the waveguide (extending 3 mm into the cavity). The
obtained intensity distributions for the eigenvectors with
the three largest and the three smallest eigenvalues (in
absolute magnitude) are shown in Figs. 2 and 3, respec-
tively. The displayed intensity profiles demonstrate very
clearly that the largest eigenvalues correspond to states
focusing on the target, see top row in Fig. 2. The eigen-
states with the smallest eigenvalues, in turn, produce in-
tensity patterns which are reduced almost to noise level
in the vicinity of the target, see top row in Fig. 3. As
an additional test of our protocol, we also recorded the
wave intensity patterns after removing the brass scat-
terer altogether. In case of the focusing states such an
intervention drastically changes the overall configuration
of the intensity profiles, with intensity maxima near the
position of the removed scatterer remaining clearly visi-
ble, see bottom row in Fig. 2. In the case of the states
that avoid the brass scatterer, the wave intensity pattern
remains almost unchanged as a whole when the scatterer
is removed, see bottom row in Fig. 3. For the sake of
clarity we emphasize here that the measurement of the
intensity distribution in the interior of the investigated
system serves only for demonstration purposes and is not
necessary for implementing our protocol in the first place.
To summarize, we present here an extension of the
Wigner-Smith time-delay operator to a whole class of
operators with the exciting property of providing eigen-
states that focus on or avoid a designated target inside
a disordered medium. These generalized Wigner-Smith
(GWS) operators require the information stored in a sys-
tem’s scattering matrix, but, as we show here, a con-
struction based on the transmission (or reflection) ma-
trix alone still maintains its useful features. Measuring
the transmission matrix of a system has meanwhile not
only been demonstrated for the presented case of mi-
crowaves, but also for acoustics [41], seismology [42], and
recently also for optics [1, 2]. As a “guidestar” [43] for
focusing deep in the multiple scattering regime, we use a
movable scatterer inside the medium whose spatial shift
leaves conspicuous traces in the measured transmission
matrix that we exploit for our protocol. In the practi-
cal applications that we envision for future implemen-
tations, the spatial shift of the target scatterer could,
e.g., result from the self-propelled movement of an ob-
ject inside an otherwise static medium or be excited
from the outside through an ultrasound focal spot that
can be conveniently scanned through the medium (see
[18, 20] for recent implementations). Since, in partic-
ular, many biological media are turbid for optical light
but only weakly scattering for ultrasound, such optical
focusing techniques enabled by ultrasound have recently
already been successfully explored in biomedical imaging
(see [43] for a review). So far, however, these techniques
had to rely on “optical phase conjugation” techniques to
time-reverse a scattered wave to a scattering target. Our
new approach has the advantage that it works without
such a time-reversal mirror for light and that the degree
of focusing can be tuned up to the point where a tar-
get inside a medium can be entirely avoided rather than
focused on. The latter feature may be particularly at-
tractive for imaging techniques for which it is imperative
that certain parts of an imaged tissue do not get exposed
to radiation. While the presented experiment using ten
guided modes serves as a proof-of-principle demonstra-
tion, we expect that the full potential of the method can
be exploited once many modes are accessible as in the
optical domain using spatial light modulators [3, 4].
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SUPPLEMENTAL MATERIAL
Definition of the Cα-Operator
In the main text, we defined the GWS-operators Qα
using the derivative of the scattering matrix S(α) with
respect to the (unspecified) parameter α. According to
our definition used in Eq. (3), Cα = −id/dα is the conju-
gate operator to the observable α. To write this operator
as a matrix we expand it in the modes that carry en-
ergy from the asymptotic region to the scattering region
through its surface and vice versa. We write for the i-th
mode in the asymptotic region ψn(x, ~ξ), with ~ξ = (y, z)
T
being the transversal coordinate (within the surface) and
x the longitudinal coordinate (perpendicular to the sur-
face), respectively. The matrix elements of the operator
associated to Cα can then be expressed as follows,
[Cα]mn =
[
−i
∫
∂Ω
dξDψ?m(x,
~ξ)
dψn(x, ~ξ)
dα
]
x=xs
, (S1)
where ∂Ω denotes the surface with dimension D and xs
is the longitudinal coordinate at which the integral is
evaluated.
Wave Expectation Values of Qα
In order to obtain a general expression for the opera-
tors Qα defined in the main text, we start with the defi-
nition of Cα in Eq. (S1) right above. Using the “transla-
tion” operator exp(iCα∆α), where ∆α is the shift in the
parameter α, we can write for the scattering matrix,
S(α+ ∆α) = e−iCα∆αS(α)eiCα∆α. (S2)
For small deviations ∆α we can thus approximate,
S(α+ ∆α) ≈ (1− iCα∆α)S(α)(1 + iCα∆α)
≈ S(α)− iCαS(α)∆α+ iS(α)Cα∆α ,
(S3)
where we neglected terms of the order (∆α)n with n ≥ 2.
The derivation of S(α) as needed for the construction of
Qα can then be expressed as follows,
dS
dα
= lim
∆α→0
S(α+ ∆α)− S(α)
∆α
= iS(α)Cα − iCαS(α).
(S4)
With S†S = 1, it follows for Qα,
Qα = −iS† dS
dα
= Cα − S†CαS. (S5)
As discussed in the main text, the GWS-operator Qα
measures the shift in 〈Cα〉 the wave experiences due to
the scattering process. Note that, strictly speaking, we
define here the variable α as a tunable property of the in-
cident wave rather than that of the system. This means
that, when, e.g., spatially moving the scattering system,
as in the case when α = x, the parameter x refers to
the position of the incident wave relative to the system.
Moving the scattering region in the positive x-direction
while keeping the incoming wavefronts unmoved thus cor-
responds to a variation of ∆x < 0 (in analogy to ac-
tive/passive transformations). For this case, the expec-
tation values of Qx read as follows
〈Qx〉 = ~u†Qx~u = ~u†kin~u− ~v†kout~v, (S6)
where we used Cx = kin/out in order to emphasize that
the operator of the conjugate variable is now the momen-
tum.
For the case where the system consists of itot scatter-
ers at positions xi (also the boundaries of the scattering
region are considered as individual scatterers), the GWS-
operator Qx reads as follows
Qx =
itot∑
i=1
−iS† dS
dxi
:=
itot∑
i=1
Qxi = Cx − S†CxS, (S7)
where Qxi stands for the partial GWS-operator corre-
sponding to the positions of the individual scatterers.
The sum of all these operators Qxi is identical to the
operator Qx, and thus measures the total 〈Cx〉-shift as
discussed above [see Eq. (S5)]. Hence, each of the sum-
mands Qxi measures the contribution to the total shift in
〈Cx〉, that can be attributed to the respective scatterer
at position xi.
By analogy to Eq. (S6) we now make the conjecture
(to be verified numerically below) that the expectation
value of the partial GWS-operator Qxi can be written as
〈Qxi〉 = ~u†Qxi~u = ~u i†kin~u i − ~v i†kout~v i = ∆ki, (S8)
where ~u is the incoming wave from the asymptotic re-
gions. The vector ~u i, on the other hand, represents the
local incoming wave directly impinging on the i-th scat-
terer and ~v i = Si~u
i is the local wave emanating directly
from the considered scatterer. Si is the scattering matrix
describing only the scattering process at the i-th scat-
terer. kin = −kout are the momentum operators in the
basis of incoming and outgoing waves. Eq. (S8) thus
means, that the operator Qxi measures the momentum
difference ∆ki between the local incoming and outgoing
waves directly at the shifted scatterer by means of the
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FIG. S1. (Color online.) Sketch of one possible realization of
the considered 1D scattering system located between −l and
l, where the gray shaded area represents the refractive index
n(x). The whole system is divided into three regions: SL is
the scattering matrix of the region on the left-hand side of
the shifted scatterer (indicated by the black dashed double-
arrow) and SR is the scattering matrix on the right-hand side
of the shifted scatterer. Si describes the scattering at the
shifted scatterer only. uL/R and vL/R are the global incoming
and outgoing wave amplitudes from the left/right asymptotic
region and the incoming/outgoing amplitudes directly at the
shifted scatterer are labeled with the superscript i.
scattering matrix of the whole system. For ~u being an
eigenstate of the partial GWS-operator, the expectation
value in Eq. (S8) is just the corresponding eigenvalue,
i.e., 〈Qxi〉 = θxi . This operator would thus provide us
with a unique tool to extract information about the local
scattering process by making use of information that is
available in the asymptotic regions.
In order to give an intuitive picture for the above
derivation, we consider now a one-dimensional (1D) sys-
tem in which the momentum operators can be expanded
in right- and left-propagating plane waves as
kin =
(
k 0
0 −k
)
= −kout, (S9)
where k is the scalar wavenumber. Inserting Eq. (S9) into
Eq. (S8) and using ~u i = (u iL, u
i
R)
T and ~v i = (v iL, v
i
R)
T ,
we get
〈Qxi〉 =~u†Qxi~u (S10)
=
[ ∣∣u iL∣∣2 k + ∣∣u iR∣∣2 (−k)]︸ ︷︷ ︸
〈kin〉i
−
[ ∣∣v iR∣∣2 k + ∣∣v iL∣∣2 (−k)]︸ ︷︷ ︸
〈kout〉i
,
where the subscripts L and R denote the direction from
which the waves enter or exit a scattering region. Fig. S1
shows a generic 1D scattering system consisting of Gaus-
sian scatterers, one of which is the designated target that
is shifted to take the derivative d/dxi in Qxi (see black
dashed double-arrow). The global incoming and outgoing
waves ~u and ~v as well as the local incoming and outgo-
ing waves directly before and after the scattering process
with the shifted scatterer, ~u i and ~v i, are labeled and
indicated by blue arrows. Since for the eigenstates the
expectation value 〈Qxi〉 is just the corresponding eigen-
value θxi , Eq. (S10) means that the eigenvalues of such
a partial GWS-operator provide us with the information
of the momentum shift the local wave acquires directly
at the shifted scatterer (weighted with the corresponding
intensities [see Eq. (S8) and Fig. S1].
In order to verify Eq. (S10) [which is the 1D version
of Eq. (S8)], we now provide an explicit numerical ver-
ification based on random matrix theory. For this, we
consider the system illustrated in Fig. S1 consisting of
three scattering regions as described by three scattering
matrices SL, Si and SR. SL/R is the scattering matrix of
the system to the left/right of the shifted scatterer and
Si is the scattering matrix of the i-th scatterer itself (see
Fig. S1). For the numerical verification we test Eq. (S10)
for many random configurations by assuming that SL,
Si and SR are symmetric and unitary random matrices
drawn from the circular unitary ensemble (CUE). For the
wavenumber k and the position of the shifted scatterer
we use random values. Note, that shifting a scatterer
only changes the free propagation length before and after
the actual scattering region – a quantity which we tune
explicitly in our numerics. We calculate the eigenval-
ues θxi of the GWS-operator for each configuration and
compare them to the expression on the right-hand side
of Eq. (S10), for which the local amplitudes ~u i and ~v i
are accessible numerically. We find excellent agreement
between these two calculated quantities, i.e., the maxi-
mal squared absolute error never exceeds 10−10 for all
1000 system configurations studied – a deviation which
is extremely small compared to the value of k that is of
the order of 101.
To show that Eq. (S8) is not only valid in 1D, but
also in 2D (as in the experiment), we now consider a
waveguide structure as shown in Fig. S2 in which sev-
eral transverse lead modes can propagate. Also here we
test the numerical agreement between the left-hand side
of Eq. (S8) with its right-hand side for many random
configurations, in analogy to the 1D procedure described
above. The difference in 2D is, however, that all scat-
tering matrices have dimension 2N × 2N , where N is
the number of propagating modes. In our simulations we
take SL, SR from th CUE, but the scattering matrix for
the middle part, Si, is obtained by an explicit numer-
ical calculation for a single scatterer randomly placed
in a 2D waveguide [44, 45]. We calculate Qxi through
shifting this scatterer (in propagation direction) for each
random configuration. In this way we obtain excellent
agreement between the Qxi-eigenvalues [left-hand side of
Eq. (S8)] and the local momentum shift [right-hand side
of Eq. (S8)], which are independently calculated with our
numerics. As in 1D, we find that the maximal squared
absolute error stays below 10−10 for all system config-
urations, which is again small compared to the mode
wavevectors that are of the order of 101. This verifies our
assumption that the GWS-operator connects asymptotic
7FIG. S2. (Color online.) Sketch of one possible realization of
a considered 2D scattering system, where the top plot shows
the refractive index n(x, y) and its corresponding contour lines
are projected onto the plane underneath. The whole system
is again divided into three regions: SL is the scattering ma-
trix of the region on the left-hand side of the shifted scatterer
(indicated by the red dashed double-arrow) and SR is the
scattering matrix on the right-hand side of the shifted scat-
terer. Si describes the scattering at the shifted scatterer only.
~uL/R and ~vL/R are the global incoming and outgoing wave
amplitudes from the left/right asymptotic region and the in-
coming/outgoing amplitudes directly at the shifted scatterer
are labeled with the superscript i.
quantities stored in the scattering matrix of the system
with local wave amplitudes at the shifted scatterer. For
reasons of simplicity, we shifted the scatteres in the 1D
and 2D verification in propagation direction. However,
in the derivation of Qα in Eq. (S5), no direction is distin-
guished from another one, such that Eq. (S8) also holds
for shifting the scatterer in any other direction (such as
the transverse direction considered in the experiment).
Wave Expectation Values of qxi
As in our experiment, where we only have access to
a subpart of the full scattering matrix S, we use the
non-Hermitian GWS-operator (4) based on the system’s
transmission matrix t in order to find states that focus
on or omit a designated scatterer. Eigenstates of both,
the Hermitian GWS-operator Qxi as well as the non-
Hermitian operator qxi used in the experiment are to
first order invariant with respect to a change of the posi-
tion of the chosen scatterer (up to a global factor). Note
that eigenstates of Qxi generally require injection from
both leads, whereas eigenstates of qxi are injected only
from one lead. The eigenvalues of Qxi are real and corre-
spond to the local momentum shift as shown above. The
eigenvalues of qxi , however, are complex but can still be
related to the local momentum shift as we will show in
the following: Writing the Hermitian GWS-operator Qxi
in its block structure
Qxi =
(
Q11xi Q
12
xi
Q21xi Q
22
xi
)
, (S11)
we consider now the upper left Q11xi -block, which takes the
explicit form Q11xi = −i(t† dtdxi +r† drdxi ), with t and r being
the transmission and reflection matrix, respectively. Cal-
culating the expectation value of Qxi for a wave entering
only from the left lead, i.e., ~u = (~uL, 0)
T , we end up with
〈Qxi〉 = ~u†Qxi~u = ~u†LQ11xi~uL = 〈Q11xi 〉 = 〈kin〉i−〈kout〉i =
∆ki, where ∆ki is the local momentum difference. Us-
ing the expression for qxi = −it−1 dtdxi , we can rewrite
Q11xi = −i(t† dtdxi + r† drdxi ) = t†tqxi − ir† drdxi . Calculat-
ing now the expectation value of Q11xi for an eigenstate
of qxi (in the following we will omit the eigenstate index
for the sake of readability) and resolving for the complex
eigenvalue ϑxi of qxi yields
ϑxi =
1
|t|2
(
∆ki −
〈
ir†
dr
dxi
〉)
, (S12)
where |t|2 = 〈t†t〉 is the global transmittance of the eigen-
state. As in the case of the Wigner-Smith time-delay
operator, one can show that the eigenvalue can also be
written in the following form [46]
ϑxi =
dϕt
dxi
− id ln (|t~uL|)
dxi
, (S13)
where the real part is the derivative of the global trans-
mitted scattering phase ϕt and the imaginary part can be
interpreted as the change in the global output intensity
with respect to a change of the local position of the i-th
scatterer. It is worth noting that this relation still holds
for a variation of a local parameter rather than a global
one as in the case of time-delay. The reason for this is
that in both the global and the local case the output vec-
tor is invariant to first order with respect to a change in
a certain parameter (e.g., ω or xi). Comparing Eq. (S12)
with (S13) now shows that the imaginary part of ϑxi can
be related to (global) reflections, i.e.,
Im(ϑxi) = −d ln (|t~uL|)
dxi
= −Im
(
1
|t|2
〈
ir†
dr
dxi
〉)
,
(S14)
which have been omitted in the construction of qxi . How-
ever, the reflection term in Eq. (S12) also features a real
part which means that the real part of ϑxi is not just
given by ∆ki/|t|2.
To assign further meaning to the real part of ϑxi , we
write, in analogy to the time-delay operator, the expecta-
tion value of Qxi as a sum of derivatives of the scattering
phases of each mode weighted with its corresponding out-
put intensity [46] and split the sum into two parts. One
part covers the reflected waves and the other one covers
8the transmitted waves, respectively:
〈Qxi〉 =
2N∑
n=1
|(S~u)n|2 dϕn
dxi
(S15)
=
N∑
n=1
|(r~uL)n|2 dϕr,n
dxi
+
N∑
n=1
|(t~uL)n|2 dϕt,n
dxi
,
where N is the number of modes. For the evaluation of
this expectation value with a qxi-eigenstate, we use the
fact that the transmitted phase derivatives are the same
for all modes, i.e.,
dϕt,n
dxi
= dϕtdxi = Re(ϑ
xi). Thus, bringing
this factor in front of the sum, using 〈Qxi〉 = ∆ki and
resolving for the real part of ϑxi gives
Re(ϑxi) =
dϕt
dxi
=
1
|t|2
(
∆ki −
N∑
n=1
|(r~uL)n|2 dϕr,n
dxi
)
.
(S16)
Eq. (S16) shows that the real part of the qxi-eigenvalue,
Re(ϑxi), contains both the momentum shift ∆ki as well
as the global reflectivity of each mode multiplied by the
corresponding phase derivatives. Thus, the desired cor-
relation between a small/large |Re(ϑxi)| (or |ϑxi |) and a
small/large momentum shift |∆ki| is not as obvious as for
the eigenvalues of Qxi . We therefore investigate with our
numerical approach (see above), which quantity based on
ϑxi shows the strongest possible correlation with ∆ki.
Testing several different expressions, we find the best re-
sults for |ϑxi | and |∆ki|/|t|2 (see Fig. S3). Specifically,
the probability for finding the two states (out of ten) with
the highest/smallest values of |∆ki|/|t|2 among the states
with the three highest/smallest |ϑxi | is 99.9%/91.7% in
our 2D random matrix model featuring 10 modes and
1000 random configurations. This observation allows us
to relate the eigenvalues of qxi -eigenstates with its fo-
cusing strength even without knowledge of the reflection
matrix. As we show in the next section, it is also possible
to go beyond such a semi-empirical analysis by applying
a special projection procedure to our qxi-operator, which
restores a strong correlation between |Re(ϑxi)| and |∆ki|
itself.
Wave Expectation Values of qxi for Singular
Transmission Matrices t
Since the construction of the non-Hermitian operator
qxi involves the inverse of the transmission matrix t, we
have to deal with the problem that t can become singular.
This occurs, e.g., when transmission channels are closed.
As a result, a straightforward inversion of the transmis-
sion matrix fails, requiring instead the evaluation of an ef-
fective inverse by projecting the transmission matrix onto
a subspace of highly transmitting channels. For the pro-
jection procedure we make use of a singular value decom-
position (SVD) of the transmission matrix t = UΣV †,
FIG. S3. (Color online.) Plot of the absolute value of ϑxi ver-
sus |∆ki|/|t|2 for a waveguide with 10 modes. The blue circles
show the distribution for all 1000 disorder configurations and
the red dots correspond to a typical distribution of a single
configuration. A correlation between |ϑxi | and |∆ki|/|t|2 can
clearly be observed.
where the matrices U and V contain column-wise the left
and right singular vectors and the matrix Σ = diag({σn})
contains the singular values σn on its diagonal. In a next
step, we pick a certain subset of large singular values
Σ˜ = diag({σ˜n}) and corresponding left and right singular
vectors U˜ and V˜ . With these matrices we can construct
an effective inverse t−1 = V˜ (U˜†tV˜ )−1U˜† = V˜ Σ˜−1U˜†,
where Σ˜−1 = diag({σ˜−1n }). Projecting also the deriva-
tive of t onto this subspace, using the proper projection
operators PU˜ = U˜ U˜
† and PV˜ = V˜ V˜
†, we arrive at the
following generalized construction rule for our operator
q˜xi = −i V˜ (U˜†tV˜ )−1U˜† U˜ U˜†
dt
dxi
V˜ V˜ † (S17)
which turns into our original expression for qxi if all
transmission channels, i.e., all singular values, are taken
into account.
Apart from applying this procedure to non-invertible
transmission matrices, it can also be used to restore a cor-
relation between |Re(ϑ˜xi)| and |∆ki| since the projection
on highly transmitting channels suppresses the reflection
term in Eq. (S16) and increases the global transmittance
of q˜xi-eigenstates. In order to numerically verify this, we
again consider many random 2D configurations as above
and look at the statistical correlation between these two
quantities with and without cutting away reflecting chan-
nels. To quantify the strength of this correlation, we look
at the probability for finding the state with the high-
est/smallest |∆ki| among the states with the two high-
est/smallest |Re(ϑ˜xi)|. Without SVD these probabilities
are 63.7%/79.3%, whereas the application of our proce-
dure using the five highest transmitting states (out of
ten) yields 95.5%/88.3%. This verifies that projecting
onto highly transmitting channels provides the possibil-
ity to restore a correlation between |Re(ϑ˜xi)| and |∆ki|.
9Data Processing
For the processing of the data measured in the experi-
ment we Fourier filter the transmission signal between the
antenna array and the scanning antenna. The resulting
intensity data are treated with a discrete two dimensional
convolution of the form,
cs(x, y) = s ∗K(x, y) =
∑
x′,y′
K(x′, y′)s(x− x′, y − y′) ,
with
K =
1
4
0.25 0.5 0.250.5 1 0.5
0.25 0.5 0.25
 ,
to generate Fig. 2 and 3. The parameter s denotes the
intensity of the measured transmission signal and K is
called the convolution kernel, which in our case takes
only closely neighboring measurements (pixels) into ac-
count. Note that x, y, x′ and y′ are discrete quantities
corresponding to the coordinates of the grid-holes of the
scanning antenna.
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